We derive from first principles third post-Newtonian (3PN) accurate Keplerian-type parametric solution to describe PN-accurate dynamics of non-spinning compact binaries in hyperbolic orbits. Orbital elements and functions of the parametric solution are obtained in terms of the conserved orbital energy and angular momentum in both Arnowitt-Deser-Misner type and modified harmonic coordinates. Elegant checks are provided that include a modified analytic continuation prescription to obtain our independent hyperbolic parametric solution from its eccentric version. A prescription to model gravitational wave polarization states for hyperbolic compact binaries experiencing 3.5PN-accurate orbital motion is presented that employs our 3PN-accurate parametric solution.
I. INTRODUCTION
Interesting astrophysical scenarios involving strong gravitational fields usually require accurate and efficient ways of describing orbital dynamics of compact binaries. These scenarios include gravitational wave (GW) events, observed by the advanced LIGO -Virgo interferometers [1] , labeled GW150914, GW151226, GW170104, GW170608, GW170814, and GW170817 [2] [3] [4] [5] [6] [7] . The first five are associated with the coalescence of black hole (BH) binaries while GW170817 involved a merging neutron star binary. The other strong field scenarios involving compact binaries include radio observations of relativistic binary pulsars like PSR 1913+16 and PSR J0737-3039 [8, 9] and optical observations of Blazar OJ287, powered by a massive BH binary central engine [10] .
Orbital dynamics of compact binaries spiraling in due to the emission of GWs can be accurately described by the PN approximation to general relativity [11] . In this approximation, orbital dynamics of non-spinning compact binaries is provided as corrections to Newtonian equations of motion in powers of (v/c) 2 ∼ G m/(c 2 r), where v, m, and r are the velocity, total mass and relative separation of the binary. At present, conservative orbital dynamics of compact binaries have been computed to the fourth PN order which provides (v/c) 8 accurate general relativity based corrections to Newtonian description (see for example Refs. [12] [13] [14] [15] [16] and their many references for a glimpse of this herculean effort from various approaches). Interestingly, it is possible to obtain a Keplerian-type parametric solution to PN-accurate orbital dynamics of compact binaries in non-circular orbits. This was demonstrated by Damour and Deruelle for 1PN-accurate compact binary orbital dynamics, relevant for both eccentric * whrlsos@snu.ac.kr and hyperbolic orbits [17] . They introduced three eccentricities so that the parametrization looks 'Keplerian' even at 1PN order. These computations were extended to 2PN and 3PN orders by Schäfer and his collaborators which led to the generalized quasi-Keplerian parametric solution for compact binaries in precessing eccentric orbits [18] [19] [20] . This solution plays an important role in the on-going efforts to model GWs from merging BH binaries in eccentric orbits [21, 22] . This is due to the use of certain GW phasing formalism, developed in Refs. [23, 24] , for describing the inspiral part of eccentric binary coalescence. This formalism employs Keplerian-type parametric solution to model orbital and periastron precession timescale variations present in the two GW polarization states h + (t) and h × (t). These features are crucial to obtain h + (t) and h × (t) from compact binaries inspiraling along PN-accurate eccentric orbits in an accurate and efficient manner [25] . Additionally, high precision radio observations of binary pulsars employ an accurate relativistic 'timing formula' [26, 27] which requires 1PN-accurate Keplerian type parametric solution for compact binaries moving in precessing eccentric orbits [17] . This timing formula is crucial to test both the predictions of general relativity and the viability of alternate theories of gravity in strong field situations present in our galaxy [28] .
In this paper, we derive from first principles parametric solution to 3PN accurate conservative orbital dynamics of compact binaries moving in hyperbolic orbits. This parametric solution is given both in Arnowitt, Deser, and Misner (ADM)-type and modified harmonic (MH) coordinates. The reason that we adpat both gauges is that ADM is useful for comparing with numerical data from numerical relativity (NR) simulations which make use of ADM formalism, and MH is proper for constructing GW waveforms. The associated orbital elements and functions are provided as PN-accurate functions of the conserved orbital energy, angular momentum and the sym-metric mass ratio. The correctness of our solutions is verified by comparing 3PN-accurate expressions for the radial and angular velocities arising from our solutions with their counterparts, computed directly from the orbital dynamics. Additionally, we develop a modified analytic continuation prescription to obtain our 3PN-accurate Keplerian type parametric solution for hyperbolic orbits from its eccentric versions, available in Ref. [20] . This is a desirable feature as we are essentially providing an additional test on the correctness of lengthy expressions present in Ref. [20] which are, as noted earlier, required to construct templates for eccentric inspirals. We also obtain temporally evolving GW polarization states for compact binaries in 3.5PN-accurate hyperbolic orbits. This is achieved by allowing orbital elements and functions of our 3PN accurate Keplerian type parametric solution to vary due to 1PN-accurate radiation reaction effects, relevant for hyperbolic orbits [24, 29] . Our efforts are motivated by the observation that compact binaries in unbound orbits are plausible GW sources for both the ground and space based GW observatories. It turned out that such rare events are expected to occur in globular clusters and galactic nuclear clusters or plausibly in dense clusters of primordial black holes [30, 31] . Moreover, hyperbolic encounters may create bound binaries having very high eccentricities [32, 33] . It was argued that plausible detection rates for such eccentric binaries may become comparable to that for isolated compact binary coalescences [34] . Interestingly, such hyperbolic GW events involving neutron stars may even be accompanied by electro-magnetic flares [35] . The present effort should provide accurate gravitational waveforms for hyperbolic passages that can be adapted in to the LSC Algorithm Library Suite of the LIGO Scientific Collaboration.
The paper is organized in the following way. In Sec. II we first present the derivation of 1PN-accurate Keplerian-type parametric solution for hyperbolic orbits from first principles. This is followed by detailing our approach to extend it to 3PN order and ways to check the correctness of our solutions in two different gauges. We present an accurate and efficient way to obtain temporally evolving GW polarization states for non-spinning compact binaries moving in 3.5PN accurate hyperbolic orbits in Sec. III. A brief summary and possible extensions are listed in Sec. IV.
II. DERIVATION OF KEPLERIAN TYPE PARAMETRIC SOLUTION FOR COMPACT BINARIES IN HYPERBOLIC ORBITS
We first provide a detailed derivation of a 1PN-accurate Keplerian type parametric solution for compact binaries in hyperbolic orbits. This procedure explicitly demonstrates why one requires three eccentricity parameters to obtain the desired solution, whhich was previously computed by employing certain analytic continuation arguments in Ref. [17] . The 3PN extension of Sec. II A is detailed in Sec. II B.
A. 1PN-accurate quasi-Keplerian parametrization for hyperbolic orbits
We begin by displaying 1PN-accurate expressions for the radial and angular motion dr dt
where both radial and temporal variables are scaled by G m [17] . This allows us to introduce a variable s = 1/r, where r = |R|/(G m) and R is the relative separation vector such that R = R (cos φ, sin φ, 0). The constant coefficients, a 0 , a 1 , a 2 , a 3 , d 0 and d 1 are given in terms of certain conserved orbital energy (Ẽ) and angular momentum (J) as
2a)
2e)
where µ and η denote the usual reduced mass and symmetric mass ratio. It should be obvious that these coefficients take simpler forms in terms of certain reduced orbital energy and angular momentum variables, defined as E =Ẽ/µ, h =J/(G m µ). Additionally, we are considering unbound hyperbolic orbits, therefore E > 0. Influenced by Ref. [17] , we tackle the radial motion by introducing a certain conchoidal transformation
where a 2 = −h 2 so that a 3 /2 a 2 ∼ O( Clearly, we require (a 0r 2 + a 1r +ā 2 ) > 0, and this allows us to write
For hyperbolic motion, we observe that ā 2 − a 2 1 /(4 a 0 ) is indeed negative. Therefore, we re-write this equation as
(2.8)
We now introduce u such that cosh u = (r + a1 2a0 ) which allows us to simplify the above equation as
We let a 4 = 1 √ a0 to ensure that cosh u = cosh(±u) = cosh u. This leads to the following equations forr as well as rr
We now identify
with a r and the coefficient of cosh u with e r . The 1PN-accurate expression for e r is therefore given by
Invoking Eqs. (2.2), the parametric equation for r may be summarized as r = a r (e r cosh u − 1) , (2.12a) 
It is straightforward to re-write the above equation in its more familiar form
14b)
Using Eqs. (2.2), we can express the orbital elements n and e 2 t in terms of the conserved E, h and η as n = (2E)
15a)
The above expressions are also identical to those given in Ref. [17] .
We are now in a position to tackle the angular motion. Influenced by Ref. [17] , we employ another conchoidal transformationr
Using our expression for r, we obtaiñ 
We introduce e φ = 2ẽ − e t which allows us to simplify
(2.20)
We now introduce K such that
, where
It is straightforward to express the orbital elements K and e φ in terms of the conserved quantities like E and h, and we have [17] that have been obtained by invoking the arguments of analytic continuation. These arguments establish that the parametric elliptic solution (i.e., in the case of E < 0) is well defined and analytic in E and u even in the domain where E > 0 and u → i u is purely imaginary. The solution for the 1PN-accurate hyperbolic motion obtained in Ref. [17] through analytic continuation to E > 0 and purely imaginary u has been found to be thhe same as Eqs. (2.12), (2.14, (2.15), (2.21) and (2.22) . Note that the three distinct eccentricity parameters e t , e φ , e r ensure that the 1PN-accurate parametric solution looks quasi-Keplerian. The presence of K can modify the trajectories of PN-accurate hyperbolic orbits with respect to their Newtonian counterparts, as we will demonstrate later. In the next subsection, we extend these calculations to 3PN order.
B.
3PN-accurate hyperbolic generalized quasi-Keplerian parametrization for compact binaries
The plan is to derive from first principles a 3PN-accurate Keplerian-type parametric solution for compact binaries in hyperbolic orbits. We are attempting the 3PN extension of Sec. II A, as it is not straightforward to obtain a hyperbolic version of the 3PN-accurate generalized quasi-Keplerian parametrization for compact binaries in eccentric orbits, detailed in Ref. [20] , simply by invoking the analytic continuation arguments of Ref. [17] . The main difficulty with analytic continuation is due to the structure of 3PN-accurate (eccentric) Kepler Equation, given by Eq. (19b) in Ref. [20] , which reads
where n , u and v stand for the mean motion, eccentric and true anomalies of an eccentric orbit, and where the orbital functions g 4t , g 6t , f 4t , f 6t , i 6t , h 6t are PNaccurate functions of the conserved energy, angular momentum and the symmetric mass ratio η. It is customary to employ the following exact expression for (v − u ), derived in Ref. [24] :
where
A close inspection reveals that it is certainly problematic to apply the usual analytic continuation arguments of [17] , namely, to let u → ıv and allow √ −E → ı √ E to obtain the hyperbolic version of an exact expression for v − u . Additionally, the presence of (−2 E h 2 ) 1 2 and its multiples in the explicit expressions for n , g 4t and g 6t , as given by Eqs. (20) of Ref. [20] , introduces further complications while trying to achieve hyperbolic versions of these expressions.
These considerations prompted us to obtain hyperbolic versions of Eqs. (19) , (20) and (21) of Ref. [20] (describing the radial and angular motion in an eccentric binary, as well as the Kepler equation) with the help of ab-initio computations. It turned out that these detailed computations enabled us to devise a modified version of the standard analytic continuation arguments, in order to extract hyperbolic counterparts of the expressions in Ref. [20] . This allowed us to check the correctness of our computations and to confirm the validity of Ref. [20] . An additional way of checking the lengthy expressions in Ref. [20] is highly desirable, as this work is usually invoked for the GW phasing of compact binaries inspiraling along eccentric orbits.
We begin by tackling the hyperbolic radial part of the 3PN-accurate Keplerian-type parametric solution. The input for our calculation is the following 3PN-accurate expression forṙ 2 , symbolically written aṡ
where explicit functional forms of the coefficients a i are given by Eqs. (A1) and (A3) of Ref. [20] , for the ADMtype and modified harmonic gauges, respectively. We observe that in the Newtonian limit the right hand side of Eq. (2.25) is a second order polynomial in s and therefore admits two roots. It is straightforward to obtain 3PN-accurate versions of these two real-valued roots, even in the case of hyperbolic orbits. Subsequently, we factorize the 3PN-accurate expression forṙ 2 with the help of the two roots s + and s − . This leads to
where we used the parametric equation r = a r (e r cosh u− 1). The explicit functional forms for the coefficients b i may be found in Eqs. (A2) and (A4) of Ref. [20] . Note the factorization of the denominator and how it differs from Eq. (9) of Ref. [20] . This is because for hyperbolic orbits we find the roots s + > 0 and s − < 0, which allows us to introduce r = a r (e r cosh u − 1). The above integral leads to 
The above equation
can be re-written as
with explicit relations between the coefficients c i s and c i s given in Appendix C.
It is straightforward to deduce that the coefficient c 3 of sin ν in Eq. (2.28) begins at 1PN order. Therefore, the above result deviates from our 1PN-accurate Kepleriantype parametric solution, derived in the previous section. It turns out that a suitable change of the ν variable can remedy this undesirable feature, which will be addressed later.
We turn our attention to the angular motion. The relevant ingredient of the calculation is dφ/ds =φ/ṡ, which may be symbolically written as 
The above expression can be integrated to obtain φ − φ 0 = e 0 ν + e 1 sin ν + e 2 sin 2ν + e 3 sin 3ν (2.31) + e 4 sin 4ν + e 5 sin 5ν .
As expected, the coefficients e i are certain PN-accurate expressions and are given as functions of e i in Appendix C. We observe that the coefficient of sin ν in Eq. (2.31), namely e 1 , begins at 1PN order. Therefore, the above functional form for the angular motion φ − φ 0 also deviates from our 1PN-accurate angular solution, given by Eq. (2.21).
It is possible to correct this undesirable feature by introducing a certain PN accurate true anomaly ν = 2 arctan
, defined with the help of the angular eccentricity e φ . This eccentricity parameter deviates from e r at PN orders by yet to be computed PN corrections. It is easy to obtain the following 3PN accurate expression for ν in terms of ν
where f should provide PN corrections connecting e φ and e r . We invoke the above relation in our φ − φ 0 , given by Eq. (2.31), and demand that there be no sin ν terms to 3PN order. The resulting 3PN-accurate parametric solution for the angular motion indeed reproduces Eq. (2.31) when restricted to 1PN order. This procedure uniquely provides the PN corrections that connect e φ to e r , and the resulting final parametrization for the angular motion reads 2π
We are now in a position to re-parametrize our 3PN accurate expression for t − t 0 , given by Eq. (2.28), in terms of ν with a procedure similar to the one outlined above. This also ensures that we recover our Kepleriantype parametric expression for l(u) at 1PN order. The improved expression for the 3PN-accurate Kepler equation reads 2π
We observe that the transformation from ν to ν ensures that the coefficients of ν terms appear only at the 2PN and 3PN orders.
Collecting various results, we display in full the third post-Newtonian accurate generalized quasi-Keplerian parametrization for compact binaries in hyperbolic orbits as
where ν = 2 tan
Note that the 3PN-accurate expressions for the orbital elements a r , e 2 r , P = 2π/n, e 2 t , Φ, and e 2 φ and the orbital functions g 4t , g 6t , f 4t , f 6t , i 6t , h 6t , f 4φ , f 6φ , g 4φ , g 6φ , i 6φ , and h 6φ are functions of E, h and η. Their 3PN-accurate expressions in the modified harmonic coordinates arise from Eqs. (A3) and (A4) of Ref. [20] and are given by
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Let us recall that both the radial and temporal coordinates are scaled by G m, and that the expressions for a r and n are therefore given by a r = 1/(2 E) and
These relations allow one to choose a specific eccentricity parameter to describe a PN accurate hyperbolic orbit. Following the above detailed procedure, it is straightforward to obtain 3PN-accurate expressions for the above listed quantities also in an ADM-type gauge. The 3PN-accurate Keplerian-type parametric solution arises from Eqs. (A1) and (A2) of Ref. [20] and is structurally identical to Eqs. (2.35) . This is expected as Eqs. (A1), (A2) and (A3) and (A4) of Ref. [20] are polynomials of the same degree though their coefficients are different. The ADM versions of Eqs. (2.36) are listed in Appendix A.
We are now in a position to explore the possibility of obtaining our 3PN-accurate hyperbolic solution from its eccentric counterpart through analytic continuation. A close inspection of our results reveals that the 3PN-accurate expression for the orbital element n in Eqs. (2.36), is structurally different from its eccentric counterpart, given by Eq. (25c) of Ref. [20] . Moreover, the structure of the relevant two Kepler equations is different (compare Eq. (19b) of Ref. [20] with our Eq. (2.35b)). Therefore, it is reasonable to expect that additional arguments may be required to obtain practically viable analytic continuation arguments for extracting our main results from that of Ref. [20] . We begin from the eccentric Kepler equation, given by Eq. (24b) of Ref. [20] , which may be written as
where primed variables denote an eccentric binary and P e stands for the 3PN-accurate orbital period of an eccentric binary. The presence of the term ν − u ≡ 2 tan −1 β φ sin u /(1 − β φ cos u ) in the above Kepler equation, where β φ = (1 − 1 − e 2 φ )/e φ , leads to certain imaginary terms while adapting the usual argument of analytic continuation, namely u → ıv and √ −E → ı √ E, to obtain its hyperbolic version [17] .
At 1PN order, the above arguments ensure that the expression for P e becomes a purely imaginary quantity, i.e., ıP hyp and that u − e t sin u becomes ıv − e t sin(ıv). This guarantees that (P e )(u − e t sin u )/(2 π) leads to (P hyp )(e t sinh v − v)/(2 π). This observation influenced us to consider an expression for (t − t 0 ), as given by Eq. (2.38), rather than l = n(t − t0), while invoking the usual arguments for analytic continuation (AAC) . It is easy to show that the 3PN-accurate eccentric ex-pression for n gives a complex quantity rather than a purely imaginary one under the AAC. This is essentially due to the presence of (−2 E h 2 ) terms present in Eq. (25c) in Ref. [20] . Similar arguments also apply to the terms u − e t sin u + (
c 6 ) (ν − u ) in the 3PN-accurate eccentric Kepler Equation under the AAC. However, the product of P e /2 π and the above terms while substituting u → ıv and √ −E → ı √ E becomes a real quantity and can be identified with (P/2 π) × [e t sinh u − u + ( f4t c 4 + f6t c 6 ) ν]. Here, P/(2 π) is the PN-accurate inverse of n, given by our Eqs. (2.36). It should be noted that this procedure ensures that the complex quantities that we encountered while applying the AAC in Eq. (2.38) are now properly handled to obtain our 3PN-accurate hyperbolic solution. Let us emphasize that we were able to formulate this reasoning mainly because of the availability of our 3PN-accurate hyperbolic solution, obtained from our detailed ab-initio computations. In other words, it is rather difficult to extract a 3PN-accurate orbital element n for hyperbolic orbits from its eccentric version simply by invoking the arguments for analytic continuation of Ref. [17] . We require re-definitions of certain terms in the eccentric Kepler equation to obtain its hyperbolic version through analytic continuation. These re-definitions, however, can be worked out if the actual hyperbolic solution is available, computed from first principles as done in this paper. Finally, we observe that all other eccentric orbital elements and functions transition smoothly into their hyperbolic counterparts while employing the AAC. The extraction of our 3PN-accurate hyperbolic solution from its eccentric counterpart, as noted earlier, provides an additional test for the correctness of the lengthy expressions present in Ref. [20] .
We have also adapted for our purposes a consistency check which was devised in Ref. [20] . These lengthy 3PN-accurate expressions are first obtained in terms of E, h, η and (e r cosh u − 1) and are later converted in terms of E, h, η and r while using our 3PN-accurate expression for r = a r (E, h, η) (e r cos hu − 1). A detailed check is provided by comparing these parametric expressions forṙ 2 andφ 2 with those extracted from Eqs. (A3) and (A4) in Ref. [20] .
Note that these equations arise from the 3PN-accurate expressions for the orbital energy and angular momentum as evident by examining Eqs. (22) and (23) and the associated discussions in Ref. [20] . We have verified that the above two sets of 3PN-accurate expressions forṙ 2 anḋ φ 2 in terms E, h, η and r are identical to each other in the case of hyperbolic orbits. Let us emphasize that this check is very sensitive to the structure of the parametric solution and the explicit PN-accurate expressions for the various orbital elements and functions. Therefore, the complete agreement to 3PN order between the parametric and Hamiltonian-based sets ofṙ 2 andφ 2 expressionsalong with our improved analytic continuation relationsprovide powerful checks on our 3PN-accurate generalized quasi-Keplerian parametrization for compact binaries in hyperbolic orbits. Additionally, we have verified that our results are in agreement with Ref. [17] at 1PN order. In what follows, we apply our 3PN-accurate Keplerian type parametric solution to obtain time-domain gravitational waveforms for compact binaries in hyperbolic orbits while incorporating effects of GW emission.
III. GW POLARIZATION STATES FOR COMPACT BINARIES IN 3.5PN-ACCURATE HYPERBOLIC ORBITS
This section presents an efficient prescription to obtain temporally evolving GW polarization states for compact binaries moving in fully 3.5PN-accurate hyperbolic orbits. Clearly, this requires us to prescribe a way of incorporating the dissipative effects of GW emission appearing at 2.5PN and 3.5PN orders into our 3PN-accurate orbital dynamics. With the help of Refs. [23, 24, 29] , this is pursued in steps which we will briefly outline below. We begin by considering the following expressions for the quadrupolar (or Newtonian) order GW polarization states, h + | Q and h × | Q , for compact binaries in noncircular orbits, available in Ref. [29] , which read
The parameter z is related to the radial coordinate of the orbit by z = G m/r, while R is the radial distance to the source, and C θ = cos θ, S θ = sin θ with θ being the orbital inclination. Obviously, the temporal evolutions of h + | Q (t) and h × | Q (t) require a prescription for evolving r,ṙ = dr/dt, φ andφ = dφ/dt in time.
In the next step, we obtain fully 3PN-accurate parametric expressions for the dynamical variables appearing in the above expressions for h + | Q (t) and h × | Q (t). This requires parametric expressions not only for r and φ, available in the previous section, but also forṙ anḋ φ. We obtain 3PN-accurate parametric expressions foṙ r andφ by noting thatṙ = (dr/du) × (du/dt) anḋ φ = (dφ/dν) × (dν/du) × (du/dt). These expressions are provided in terms of a certain gauge-invariant dimensionless PN expansion parameter ξ = G m n c 3 , where n = 2π P as defined in Eq. (2.36c), the time eccentricity e t and the eccentric anomaly u. The dynamical variables have to derived carefully, as we introduced scaled coordinates in the previous section. Our particular choice of variables is influenced by the ease with which we can specify various initial conditions during the numerical construction of GW templates. To obtain 3PN-accurate temporal evolutions of r,ṙ, φ andφ, we also need to express the righthand side of the 3PN-accurate Kepler equation in terms of ξ and e t .
The third step involves including the effects of GW emission during hyperbolic passages. This is accomplished by providing differential equations for dξ/dt and de t /dt, whose derivation is influenced by Refs. [23, 24] . These equations, as expected, incorporate radiation reaction effects entering the orbital dynamics at 2.5PN and 3.5PN orders. Through a numerical solution of the Kepler equation along with these two coupled differential equations for ξ and e t , we obtain the fully 3.5PN-accurate temporal evolution for r,ṙ, φ andφ. This enables us to construct h + | Q (t) and h × | Q (t) for compact binaries in 3.5PN-accurate hyperbolic orbits. Finally, we provide a 3PN accurate expression for ξ in terms of a certain PNaccurate gauge-dependent impact parameter b and time eccentricity e t , as it is very convenient to characterize hyperbolic orbits through their impact parameters and eccentricities. Thus, we obtain ready-to-use GW templates for compact binaries in PN-accurate hyperbolic orbits.
In the following, we provide explicit expressions for various dynamical variables in terms of ξ, e t and u that will be required for obtaining h + | Q (t) and h × | Q (t). For the sake of readability, we will only explicitly list the 1PN-accurate expressions for these dynamical variables, given in terms of ξ, e t and u as
The lengthy 3PN-accurate versions of these expressions are provided in Appendix B. It should be obvious that temporal evolutions for the 3PN version of above equations, namely Eqs. (3.2) , require a 3PN-accurate Kepler equation in terms of ξ and e t that connects l and u. This 3PN-accurate equation in MH gauge is given by
×(e t cosh u − 1) + 840e t e 2 t − 1(η − 4) sinh u e t (η − 15)η cos ν + 24η − 60 + e t sin ν (e t cosh u − 1) The above equation allows us to adapt Mikkola's method, developed to numerically solve the classical Kepler equa-tion for hyperbolic orbits as detailed in Sec. 4 of Ref. [36] . Mikkola's very effecient and computationally inexpensive approach approximates the classical Kepler equation as a cubic polynomial in an auxiliary variable s(u), finding its roots and substantially reducing the error of the initial guess through a fourth-order extension of Newton's method. We employ Mikkola's procedure in an iterative manner to tackle PN corrections to the classic Kepler equation appearing at 2PN and 3PN orders. It should be noted that our 3PN-accurate Kepler equation is identical to the classical (Newtonian) Kepler equation at 1PN order, which is only possible due to the use of the time eccentricity e t as a parameter to specify the orbit. To solve above 3PN-accurate Kepler equation, we tackle the 1PN-accurate Kepler equation, namely l = n(t − t 0 ) = e t sinh u − u, using Mikkola's original prescription and obtain a 1PN-accurate expression for u(l). This method requires us to express l in terms of a new variable s = sinh 4) and truncating it to the third order in s ,
This third order polynomial can be solved in a closed form, say, s = s (l ; e t ). To minimize the error, replacing s to
Now we can get the most accurate solution,
The accuracy of the solution can further improved by the use of Newton method as noted in Ref. [36] . This allows us to express numerically the 2PN and 3PN corrections that appear on the right-hand side of Eq. (3.3) in terms of ( ξ, e t , l ). We now introduce a certain parameter l such that l = l − l 4,6 , where l 4,6 are the 2PN and 3PN corrections present in Eq. (3.3) which are evaluated using 1PN-accurate u(l). The 3PN accurate u(l) is obtained, as expected, by solving l = e t sinh u − u, once again employing Mikkola's method. In this way, we pursue an accurate and efficient solution to our 3PN accurate Kepler equation which allows us to compute the 3PN-accurate temporal evolutions for the dynamical variables present in our expressions for h + | Q (t) and h × | Q (t). We note, in passing, that to obtain these 3PN-accurate expressions for r,ṙ, φ andφ, we have used unique 3PN-accurate expressions that provide 2 E and h in terms of ξ and e t by inverting the relevant expressions present in our parametric solution. Further, we have also employed 3PN-accurate relations that provide e r and e φ in terms of e t , ξ and η. We are now in a position to discuss how GW emission effects are incorporated.
GW emission influences binary dynamics at 2.5PN and 3.5PN orders, and we incorporate these effects by adapting the phasing formalism developed for eccentric binaries (detailed in Ref. [23, 24] ) to hyperbolic encounters. This requires us to compute time derivatives of the 1PN-accurate expressions for the conserved orbital energy and angular momentum of binaries in non-circular orbits, given by Eqs. (3.35) and (3.36) in Ref. [37] . These time derivatives are obtained using PN-accurate equations of motion that include both conservative and reactive terms to 1PN order, e.g., given by Eq. (3.34) of Ref. [37] and Eqs. (28), (29) of [24] . The resulting expressions for dE/dt and dh/dt are adapted for hyperbolic orbits with the help of our 1PN-accurate parametric expressions for the dynamical variables r,ṙ andφ, expressed in terms of n, e t , u. Using our 1PN-accurate expressions for n = 2 π/P and e 2 t in terms of the conserved orbital energy and angular momentum, dE/dt and dh/dt then lead to the desired equations for dn/dt and de t /dt in modified harmonic gauge: where β = e t cosh u − 1. We have verified that these expressions can also be obtained by the usual calculations based on balance arguments. In this approach, one differentiates our 1PN-accurate expressions for n and e t while using 1PN-accurate expressions for the far-zone fluxes, given for example by Eqs. (17) and (18) of Ref. [38] , to replace the time derivatives of the conserved energy and angular momentum variables. The resulting expressions for dn/dt and de t /dt, adapted for 1PN-accurate hyperbolic orbits, were found to be identical to Eqs. (3.7a) and (3.7b). It is rather convenient to characterize hyperbolic binaries in terms of an impact parameter b, as these GW events are qualitatively similar to scattering processes. We define a PN-accurate impact parameter b such that b v ∞ = |r × v| when |r| → ∞, while v ∞ stands for the relative velocity at infinity [37] . The explicit 3PN-accurate expression for b in terms of ξ and e t in modified harmonic gauge reads .
At 1PN order, we are in agreement with Ref. [29] . This variable is essentially invoked to allow for an easy visualization of the trajectories of hyperbolic binaries. . We observe the expected linear memory effect in the cross polarization state.
With above inputs, it is possible to obtain temporally evolving Newtonian (quadrupolar) GW polarization states, h + | Q (t) and h × | Q (t), associated with compact binaries in 3.5PN-accurate hyperbolic orbits. It is convenient to numerically solve a system of three coupled differential equations, namely dn/dt, de t /dt and dl/dt = n.
The resulting values of parameters n, e t and l at a given epoch are then employed to obtain a 3PN-accurate value for u(l) by the application of Mikkola's method as described above. With a knowledge of n, e t , l and u, we can then evaluate our 3PN-accurate expressions for r,ṙ, φ andφ. Thus, we are able to numerically provide h + | Q (t) and h × | Q (t) from compact binaries in 3.5PN-accurate hyperbolic orbits. In the following, we discuss plots that demonstrate the approach and point out a feature of the waveforms previously not mentioned in the literature.
In Fig. 1 , we plot scaled quadrupolar GW polarization states, H + | Q (l) and H × | Q (l), for hyperbolic passages with b ∼ 30 G m/c 2 for compact binaries having m = 20 M and η = 1 4 (q = 1), while allowing e t to take three different values. Here, H + | Q (l) and H × | Q (l) denotes waveforms that have been scaled by G m/c 2 R. We observe, as expected, the linear memory effect for the cross polarization [29] . We display in Fig. 2 the trajectories of compact binaries under the influence of Newtonian and fully 3.5PN-accurate orbital dynamics (respectively in black and red) and their associated H × | Q (l). For these, we have chosen e t = 1.1 while we let the impact parameter b take two different values, namely, ∼ 50 G m/c 2 and ∼ 106 G m/c 2 . These particular v values were chosen to highlight the effect of PN corrections compared to the familiar Newtonian hyperbolic orbit. We observe that the periastron advance forces the 3.5PN-accurate orbital trajectory to cross its earlier path, a feature which is absent in the Newtonian system. Additionally, this feature disappears for large impact parameter values. This is expected, as the periastron advance is small for configurations with a large impact parameter, which results in Newtonian-like trajectories. We have also verified that the PN corrections in Φ/2 π indeed converge to its 1PN value in above cases; this ensures that the crossing of the trajectory is a physical effect. Interestingly, this PN effect leads to sharper GW polarization states, and it will be interesting to explore possible data analysis implications for such hyperbolic passages. . For the trajectories, we adopt the geometric unit system. Newtonian and 3.5PN-accurate hyperbolic orbits are denoted by black and red lines, respectively. The orbital trajectory of the relativistic system is clearly different, especially for hyperbolic passages with smaller b values, which is attributed to the advance of periastron. Relativistic effects also change the nature of the waveforms, as evident from the associated h×|Q(l) plots.
IV. CONCLUSIONS
In this paper, we provided 'ready-to-use' time-domain GW polarization templates for compact binaries moving in fully 3.5PN-accurate hyperbolic orbits. A crucial input for constructing these waveforms is our ab-initio derivation of 3PN-accurate Keplerian type parametric solution for compact binaries in hyperbolic orbits. Our effort extended the classic 1PN result of Damour and Deruelle,obtained by the argument of analytic continuation to 3PN order [17] . Additionally, we provided two critical checks to verify the correctness of our solution and its lengthy 3PN-accurate expressions. We incorporated the effects of GW emission, occurring at 2.5PN and 3.5PN orders in the orbital dynamics, by adapting for hyperbolic orbits GW phasing formalism for eccentric inspirals, detailed in Refs. [23, 24] . This is how we constructed our PN-accurate GW templates, namely temporally evolving GW polarization states, for hyperbolic encounters.
The present effort should be useful in a number of on-going investigations. Our templates are being implemented in the LSC Algorithm Library Suite (LALSuite) [1] . This is to explore the possibility of searching for the presence of such GW events in the interferometric data streams in the near future. The following plausible astrophysical considerations should provide motivations for initiating such efforts. It was pointed out that such encounters involving neutron stars can give rise to certain resonant shattering flares in the electromagnetic sector due to strong tidal interactions between neutron stars during hyperbolic encounters, though event rates are expected to be low [35] . Very recently, it was argued that aLIGO relevant GW burst events may occur during hyperbolic encounters of Primordial Black Holes in dense clusters [31] . Therefore, it should be of some interest to explore the search sensitivity and the possible false alarm rates of hyperbolic GW events by adapting such an effort for eccentric inspirals [39] .
The present computation will be crucial to obtain fully 3PN-accurate expressions for radiated energy and angular momentum fluxes associated with hyperbolic encounters. which are only available to 1PN-order [37, 38] . Currently, these computations are being extended to 3PN order [40] . These investigation is expected to complement efforts that focus on the scatterings of test particles by black hole space-time [41] [42] [43] . It will also be desirable to adapt Refs. [44] [45] [46] for exploring our GW burst signals using the framework of effective-one-body formalism. 
